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Topology and Quantum States: the
Electron-Monopole System
F.Di Cosmo, G.Marmo, A.Zampini
Abstract
This paper starts by describing the dynamics of the electron-monopole
system at both classical and quantum level by a suitable reduction
procedure. This suggests, in order to realise the space of states for
quantum systems which are classically described on topologically non
trivial configuration spaces, to consider Hilbert spaces of exterior dif-
ferential forms. Among the advantages of this formulation, we present
in the case of the group SU(2), how it is possible to obtain all uni-
tary irreducible representations on such a Hilbert space, and how it
is possible to write scalar Dirac type operators, following an idea by
Ka¨hler.
1 Introduction
Dirac picture of Quantum Mechanics requires a Hilbert space of states upon
which the operators associated to observables act. Even if this abstract de-
scription is very elegant and effective, it does not allow to distinguish between
different physical systems. Therefore to concretely represent a quantum dy-
namical system one has to choose a realization of a Hilbert space. For in-
stance the description of a particle moving on a line is achieved by adopting
the Hilbert space L2(R, dx) of square-integrable functions on R with respect
to the Lebesgue measure. The square modulus |ψ(x, t)|2 of such a wave-
function is interpreted as the probability density of finding the quantum
particle at the point x at the time t: according to the physical interpreta-
tion, only the module of the wave-function must be a continuous function.
This freedom may allow to replace wave-functions by wave-sections of line
bundles associated to a U(1)-principal bundle, or more generally, sections of
any vector bundle [4]. The first non trivial setting in which this idea was
analyzed is the dynamics of the electron-monopole system and one of the re-
sults was the quantization of the electric charge as suggested by Dirac [2] and
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then more geometrically formulated by Wu and Yang [3]. In this paper we
start by describing the dynamics of the electron-monopole system inspired
by [5]-[7]. The analysis of this system gives us the opportunity to talk about
another generalization of the spaces of states, introducing the Hilbert space
of square-integrable differential forms. This idea seems very attractive be-
cause differential forms contain more direct information on the topology of
a manifold with respect to functions, which are also included in this new
Hilbert space.
The electron-monopole system has been widely studied during the last
century because it is one of the easiest example of a dynamical system on a
manifold with a non trivial topology. The configuration space of this system,
in fact, is R30 = R
3 − {0}. The differential form F describing the magnetic
field generated by the monopole is closed but not exact and therefore it
does not admit a globally defined vector potential. This fact has interesting
consequences especially in the quantum formulation of the dynamics, since
the Schro¨dinger equation of a particle in the magnetic field involves the vector
potential.
The classical equations of motion of a charged particle in the magnetic
field generated by a monopole were introduced by Poincare´ in order to ex-
plain the results of an experiment made by Birkeland, who had discoveried
that cathod rays focused to a point when passed in the vicinity of a long
magnet [1]. The quantum version of this dynamical system was investigated
by Dirac, who introduced a string singularity [2]. Even if this singularity
spoiled the rotational symmetry of the problem, Dirac’s work focused physi-
cists’ attention on topology because he obtained a quantization condition for
the electric charge.
As already mentioned, the work by Dirac was developed by Wu and
Yang. In order to preserve the symmetry of the system, they replaced wave-
functions by wave-sections of a line bundle [3]. One covers the configuration
manifold with charts and in each region one can write a Schro¨dinger equa-
tion; in the overlapping region the solutions differ by a phase. In this way the
modulus is a well defined continuous function, preserving the probabilistic
interpretation of quantum mechanics.
A different geometric approach to the problem is taken in [5]-[7]: to avoid
the topological obstruction to the existence of a potential one enlarges the
configuration space to a U(1)-principal bundle. It is possible to define a
global potential on this new manifold because on it the second cohomology
class is trivial. The equations of the motion of the electron-monopole system
are then obtained by introducing a Lagrangian where the added degree of
freedom is not dynamical.
In this paper we exploit the same idea, extending the configuration space
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in order to evade the topological obstruction. However we derive the equa-
tions of the motion from a “free” Lagrangian associated to an invariant met-
ric on the new manifold. The Hamiltonian operator turns out to be the
Laplace-Beltrami operator associated to this metric. Writing the Hamilto-
nian operator in terms of a scalar differential operator is a starting point to
discuss about the introduction of the Hilbert space of differential forms, be-
cause the Laplace-Beltrami operator can act upon the whole exterior algebra
of a manifold.
The idea of enlarging the configuration space traces back to the work by
Hertz [8]. He advocated the extension of the space to describe any system
moving in a field of forces coming from a potential as a projection of a
geodesical motion in the bigger space associated with a suitable metric tensor
depending on the potential. Later on a similar proposal was made by Kaluza
and indipendently by Klein in order to incorporate also Lorentz-type forces
[9]. Their proposal was motivated by the attempt to describe a unification of
gravitation and electrodynamics in geometrical terms on a larger manifold.
Another kind of extension has been described by Duval et al.[10] to show
that the Newton-Cartan theory could be described on a five dimensional
manifold with a Lorentz-type metric. This point of view allowed to describe
not only the motion of the classical test particle but also the quantum motion
provided by a Schro¨dinger equation written in terms of a Laplace-Beltrami
operator on the larger space. In [11] again an extension of the carrier space
of wave-type equations was proposed to transform the relevant differential
operator into an homogeneous one, so as to avoid that the principal symbol
of the operator would not contain information on the potential and on the
time derivative. Again the proposal amounts to an enlargement of the con-
figuration space to a U(1)-principal bundle. If the principal symbol is also
not degenerate, one may interprete it as a metric tensor and therefore giving
rise to geodetical motions on an enlarged space. Solutions of the original
motion are recovered by projecting the geodetical trajectories onto the origi-
nal configuration space. In [12] the same proposal was used to deal with the
transformation properties of the wave function under Galilei transformations.
These various proposals can be grouped under the quest for a purely
geometric description of the motion as the reduction of a geodetical motion
on some higher dimensional Riemannian manifold. We take our point of
view by exploiting the possibility of extending the set of square integrable
functions by considering Hilbert spaces of square integrable differential forms.
An immediate benefit of this enlargement is the possibility of the introduction
of the square root of the Laplacian, providing a description of Dirac-type
operators as scalar differential operators acting on differential forms. The
reduction to the usual treatment of the Dirac operator will arise from the
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requirement of irreducibility which are characteristic of the description of
elementary particles. In summary this paper should be considered as a first
attempt to describe non trivial quantum situations in terms of differential
forms.
The paper is divided in two sections. The first section is devoted to the
revisitation of the electron-monopole system: after recalling the approach by
[5, 6, 7] we present a description of the system by means of a reduction proce-
dure from a “free” system on a bigger space. The Hamiltonian operator de-
scribing the “free” motion on a Riemannian manifold is the Laplace-Beltrami
operator associated to a metric tensor on the enlarged manifold.
The second parte deals with the proposal of replacing the Hilbert space
of square integrable functions on a manifold by the Hilbert space of square
integrable differential forms. Then we present two possible applications of
such a generalization: one is related to representation theory whereas the
other one is linked to spin geometry.
2 Electron-monopole system
In this section we will recall the formulation presented in [5, 6, 7], which
provides a global description for the dynamics of the electron - monopole
system at both classical and quantum level. It is well known that, since
the classical configuration space for the system – which is R30 ≃ R+ × S2 –
has a non trivial second homology group, the magnetic field generated by a
monopole cannot be described by a globally defined potential. In order to
write a global Lagrangian and define canonical variables for the quantization,
one can enlarge the configuration space to a U(1) principal bundle over R30.
One considers P = R40 ≃ S3 × R+ as a total bundle space over the base
space R30. Since the sphere S
3 coincides with the manifold of the Lie group
SU(2), we can parametrize the space P by the pair (r, s) with R ∋ r > 0
and s given by the matrix
s =
(
u −v¯
v u¯
)
provided |u|2+|v|2 = 1. Adopting the notation 0 < r2 = xixi and xˆi = xi/r
in R30, the projection map π : R+ × S3 → R+ × S2 defining the bundle is
given by
R+ × S2 ∋ (ρ, xˆ) = (ρ, xˆiσi) = (r, sσ3s−1) (1)
where σi is the ith Pauli matrix. From the following Lagrangian function
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L ∈ F(TR40),
L = 1
2
mr˙2 +
1
4
mr2Tr ˙ˆx2 + inTr(σ3s
−1s˙), (2)
the Euler-Lagrange equations in implicit form are
r¨ = r
∑
i
( ˙ˆxi)
2 (3)
d
dt
{
− i
2
[
xˆ, mr ˙ˆx
]
+ nxˆ
}
=
∑
k
d
dt
[
ǫjlkmr
2 ˙ˆxlxˆj + nxˆk
]
σk =
d
dt
(Lkσ
k) = 0.
(4)
Notice that second equation above shows that an angular momentum – which
differs from the one corresponding to a free particle dynamics by a helicity
term – is conserved.
The Lagrangian (2) admits a gauge invariance, namely it changes by a
total time derivative upon the transformation
s(xˆ) 7→ s(xˆ) eiσ3θ(t)/2,
which is given by the right action of the group U(1) upon R40. Such a gauge
invariance provides the primary constraint – within the formalism introduced
by Dirac [13] – given by
xˆkL
k = n. (5)
2.1 Canonical Quantization
In this section we are going to review how the electron-monopole system can
be studied from a quantum point of view. The presence of constraints can
be handled according to the procedure introduced by Dirac in [13]. There is
only the following primary constraint
φ : xˆaL
a − n ≈ 0, (6)
and therefore it is also first class. The Hamiltonian for the classical dynamics
is given by
F(T∗R40) ∋ H =
p2r
2m
+
(LaL
a − n2)
2mr2
+ λφ (7)
with λ a Lagrange multiplier.
Since we have enlarged the configuration space for the classical dynamics
of the system we consider, in order to realize the quantum states, the Hilbert
space
H = L2(R40, dµ), dµ = r2 dr dν (8)
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where dν is the Haar measure on S3 ≃ SU(2). Notice that the measure dµ
differs from the usual dµ˜ = r3 dr dν which is the restriction to R40 of the
euclidean one on R4. In this way, if dµ′ = r2 dr dΩ with dΩ the standard
euclidean measure on S2, the pullback to F(R40) of the elements in H′ =
L2(R30, dµ′) are elements in H. Moreover, self adjoint operators on H are
projectable on H′: by projectable we mean that, given a selfadjoint operator
T on H, it is still selfadjoint on the subspace of H again given as the pullback
to R40 of the elements in H′.
One can implement the constraint (6) by selecting a subspace Hn ⊂ H
Hn =
{
ψ(r, s) ∈ H : xˆaLˆaψ(r, s)− nψ(r, s) = 0
}
, (9)
where the operators Lˆa’s are realized as the first order differential operators
on H giving the right invariant vector fields corresponding to the left regular
action of the Lie group SU(2) onH. We associate to the Hamiltonian function
(7) the differential operator
Hˆ =
1
2mr2
∂
∂r
(
r2
∂
∂r
)
+
1
2mr2
(
LˆaLˆ
a − n2
)
+ λ(xˆaLˆ
a − n) (10)
The restriction of the action of such Hamiltonian operator to functions ψ ∈
Hn gives the following eigenvalue equation
Hˆψ =
1
2mr2
∂
∂r
(
r2
∂
∂r
ψ
)
+
1
2mr2
(
LˆaLˆ
a − n2
)
ψ = Eψ. (11)
The solutions of this equation are well-known. They can be factorized as the
product of two functions
ψ(r, s) = Rnj (r)D
j
nm(s)
Rnj ∈ L2(R+, r2dr)
Djnm ∈ L2(S3, dν),
where Djnm are the Wigner functions giving a basis – following the Peter
-Weyl theorem – for L2(S3, dν). The different indices label the action of the
commuting set of operators {L2, Lz, xˆaLa}, that is they satisfy the equations
LzD
j
nm = mD
j
nm
xˆaLaD
j
nm = nD
j
nm
L2Djnm = −j(j + 1)Djnm
(12)
with j = 1/2, 1, 3/2, . . . labelling the irreducible representations and n,m =
−j,−j + 1 . . . , j − 1, j. These functions are also called monopole harmonics
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and are homogeneous polynomials of degree 2j in the variables {u, v, u¯, v¯}
(one can refer to [16] or [17] for a detailed computation of these polynomials).
As far as the radial part of (11) is concerned one has to solve the differential
equation [
− 1
2mr2
∂
∂r
(
r2
∂
∂r
)
+
l(l + 1)− n2
2mr2
− E
]
Rnl (r) = 0
To remove the first order term one performs the following transformation
Rnl (r) =
unl (r)
r
The new function unl (r) satisfies the equation[
−1
2
∂2
∂r2
+
l(l + 1)− n2
2r2
− E
]
unl (r) = 0 (13)
with the self-adjointness conditions∫∞
0
|unl (r)|2dr <∞
limr→0+ r−
1−
√
(2l+1)2−n2
2 unl (r) = 1
One can compare such a radial equation with the one coming from the eigen-
value problem for the quantum free particle in R3, which reads:[
−1
2
∂2
∂r2
+
l(l + 1)
2r2
− E
]
unl (r) = 0∫ ∞
0
|unl (r)|2dr <∞
lim
r→0+
r−l−1unl (r) = 1.
These relations show that the electron - monopole Hamiltonian and the free
particle Hamiltonian do not share a common dense domain of self adjointness.
Therefore it is not possible to treat the monopole interaction as a perturba-
tion of the free dynamics and a partial wave analysis cannot be performed on
the spherical harmonics basis. A possible solution to this problem is, indeed,
the definition of the monopole harmonics (12).
Coming back to the equation (13), the solution of this equation for E > 0 is
a Bessel function
Rnl (r) =
1√
kr
Jµ(r) (14)
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where
µ =
√
l(l + 1)− n2 + 1
4
=
√(
l +
1
2
)2
− n2 > 0
k =
√
2mE
whereas when E < 0 (13) there are no meaningful solutions [3].
2.2 A geometric Hamiltonian operator
As already mentioned, the idea of describing interacting systems as a suit-
able reduction of free ones formulated in higher dimensional spaces has been
widely developed1. Following this idea, we shall show in this section how the
previous solutions of the electron-monopole dynamical system can be ob-
tained in terms of a suitable reduction procedure starting from a geodesical
dynamics on the enlarged manifold R40.
Let us consider the bundle space R40 equipped with the following metric
tensor
g = dr ⊗ dr + r2 (θ1 ⊗ θ1 + θ2 ⊗ θ2)+ kθ3 ⊗ θ3 (15)
where θa, (a = 1, 2, 3) are the left invariant 1-forms, dual to the left invariant
derivations Xa for SU(2). It is given by the superposition of the pull-back of
the metric on the base manifold R30 and a metric on the fibre [14], while k
is a numerical constant, which might indeed be given by the pull-back of a
function on R30. The corresponding volume form is
Ω =
√
kr2dr ∧ θ1 ∧ θ2 ∧ θ3
A quantum description of this system is provided by considering the Hamil-
tonian operator as given by the Laplace-Beltrami operator acting on the
Hilbert space H = L2(R40, dµ) of square integrable functions on R40 with re-
spect to the measure dµ =
√
kr2drdν, where dν is the Haar measure on the
1In particular Kaluza-Klein theories describe electromagnetic field on a 4-dimensional
manifold as the curvature of a suitable metrics on a 5-dimensional one [15].
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sphere S3. One has 2
∆ψ = div grad ψ =
[
∂2
∂r2
+
1
r2
(
X21 +X
2
2
)
+
1
k
X23
]
ψ (16)
=
[
∂2
∂r2
+
1
r2
(
X21 +X
2
2 +X
2
3
)− X23
r2
+
1
k
X23
]
ψ
where Xa are the left invariant vector fields.
In order to derive the equations of motion of the electron-monopole sys-
tem we implement a reduction procedure suggested by the fact that wave
functions with different phase factors realize the same state for a quantum
system. This means that quantum states are given by the quotient of the set
of wave functions on the configuration space of the system with respect to a
suitable action of a U(1) group. This notion can be naturally described in
the language of principal bundles. If π : P → B is a principal bundle with
gauge group G, for any representation ρ : G → Aut(V ) of G on a vector
space V , a function ψ : P → V is called equivariant with respect to ρ if
ψ(p γ) = ρ(γ−1)ψ(p) (17)
where p ∈ P and p γ gives the right action of the element γ ∈ G upon p.
One sees immediately that the operator ∆ (16) acts upon elements in H,
i.e. wave functions defined on the total space R40 of a U(1)-principal bundle.
The idea now is to reduce the action of ∆ to the subspace of square inte-
grable C-valued functions which are equivariant with respect to the unitary
irreducible representation
ρ(ϕ) = einϕ
with n ∈ Z and ϕ ∈ [0, 2π) giving an element in U(1). There is an in-
teresting advantage in adopting this kind of description: these equivariant
functions are globally defined on a manifold which is parallelizable, so differ-
ential operators come from a globally defined differential calculus.
2 In order to write the action of the Laplace-Beltrami operator on functions ψ ∈ C∞(M)
on a manifold (M, g) equipped with a metric tensor g, one introduces the gradient operator
via the implicit formula
grad : C∞(M) → X(M)
g(gradψ,X) = dψ(X)
for any X ∈ X(M) (vector fields on M). Afterwards one defines the divergence operator
via again an implicit relation, namely
LXΩ = (divX)Ω
where X ∈ χ(M) and Ω is the volume form on M coming from the metric tensor g.
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Let us denote by Hn the set of square integrable equivariant functions
with respect to the previous measure. From (17) we have that
Hn = {ψ ∈ H : X3ψ − inψ = 0}. (18)
This condition is equivalent to the constraint (6) because
e−iϕxˆj σ
j/2 s = s e−iϕσ
3 2. (19)
The Laplace-Beltrami operator preserves this subspace because it commutes
with the vector field X3. Therefore one can reduce the dynamics to Hn. The
resulting Hamiltonian operator is
∆ψ =
[
∂2
∂r2
+
L2
r2
− n2
(
1
r2
− 1
k
)]
ψ (20)
The spectral properties of the operator above resemble those of the operator
studied in the previous section. Eigenfunctions are the same, eigenvalues are
shifted by a constant term.
This example shows how peculiar topological properties of a configuration
space Q for a system can be taken into account by suitably extending it to
the total space of a bundle. Another possibility of taking into account the
topology of a configuration space Q could be that of defining the dynamics
on a set of states related to the differential forms on Q, since the exterior
algebra over a manifold brings brings informations on the topology of Q.
3 The Hilbert space of differential forms
In this section we consider the Hilbert space of square integrable differential
forms on a manifold M , thus generalizing the usual Hilbert space of square
integrable functions. Such an extension is suggested by the fact that the
quantum Hamiltonian acts upon functions as the Laplace-Beltrami operator,
and this action can be meaningfully extended upon differential forms.
We want to briefly recall that such an extension may be of interest for
many systems whose evolution is not directly governed by a Laplace-Beltrami
operator. When the evolution of a system is given by an inhomogeneous
second order differential operator with terms of degree one and zero, one
may transform it [11] into an homogeneous one by adding a new degree of
freedom. The configuration space is enlarged to a U(1)-principal bundle
and the reduction to the original situation is achieved by considering the
subspace of equivariant functions with respect to the U(1)-action on the new
manifold. If the principal symbol associated to this new operator is not
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degenerate it can be interpreted as a scalar product with respect to a metric
tensor. Having a metric and the corresponding metric volume one can build
the relative Laplace-Beltrami operator which will describe the free motion
on this space. Let us consider the following example. If one thinks of the
Schro¨dinger equation written as a differential relation on the Hilbert space
of square integrable functions on a manifold, possible inhomogeneous terms
are due to the time derivative and to the presence of potentials or magnetic
fields. As an example let us consider the differential operator
D =
(
i
∂
∂t
+
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
− V (x, y, z)
)
By using an additional degree of freedom and the infinitesimal generator of
the circle group we transform the original differential relation Dψ = 0 into
an homogeneous one D′ψ = 0 with D′ being
D′ =
(
∂
∂s
∂
∂t
+
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
+ V (x, y, z)
∂2
∂s2
)
where s is the parameter along the fibre U(1). We would recover previous
operator on the subspace of functions having the form
ψ′ = e−isψ(x, y, z, t)
The principal symbol [18] of this differential operator is
σD = V
∂
∂s
⊗ ∂
∂s
+
1
2
(
∂
∂s
⊗ ∂
∂t
+
∂
∂t
⊗ ∂
∂s
)
+
∂
∂x
⊗ ∂
∂x
+
∂
∂y
⊗ ∂
∂y
+
∂
∂z
⊗ ∂
∂z
and depending on the behaviour of the potential function this symmetric
tensor may have different properties. It could define a metric tensor and one
could introduce a relative Laplace-Beltrami operator.
We go back now to build the Hilbert space of differential forms starting
from a Riemannian manifold M equipped with a metric tensor g. The con-
travariant form g˜ of the metric tensor allows to define the following scalar
product between differential 1-forms α, β ∈ Λ1(M):
(α|β) = g˜(α, β). (21)
This scalar product is extended to higher degree differential forms. Forms
of different degrees are declared to be orthogonal. Let us now consider two
differential forms of degree k, written in terms of one forms as α = α1∧· · ·∧αk
and β = β1 ∧ · · · ∧ βk; their scalar product is defined as
(α|β) = det (αj|βk) (22)
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where αj, βj ∈ Λ1(M), and the determinant is intended with respect to the
matrix indices j, k. One can rewrite the previous scalar product in terms of
the Hodge dual operator
∗ : Λk(M) → Λm−k(M)
as
α ∧ ∗β = (α|β)Ω (23)
where Ω is the metric volume form which in a chart can be written as
Ω =
√
|det(g)|dx1 ∧ · · · ∧ dxm
on a local chart for M . The Hilbert space of square integrable differential
forms L2Λ(M, dµ) is given by means of the following product
〈α|β〉 =
∫
M
(α, β) dµ (24)
where dµ is the measure associated to the volume form Ω.
Let us consider M as a manifold whose dimension is n. One defines the
codifferential operator δ : Λk(M) → Λk−1(M) as
δ = (−1)n(k−1)+1 ∗ d∗
if the metric is Riemannian, or
δ = (−1)n(k−1) ∗ d∗
if the metric is Lorentzian. When the manifold has not a boundary the
codifferential is the adjoint operator of the exterior derivative with respect
to the scalar product (24), that is
(α | dβ) = (δα | β).
It is also easy to see that δ2 = 0, and that the action of the Laplace-Beltrami
operator can be extended to differential forms according to the formula
∆ = dδ + δd = (d+ δ)2
This expression is very interesting as we will see in the following because it
allows to define immediately a “square-root” of the Laplace-Beltrami oper-
ator obtaining a Dirac-type operator written in terms of scalar differential
operators instead of matrix-valued differential operators.
Another advantage related to the introduction of differential forms in
quantum mechanics consists in the fact that differential forms contain infor-
mation about the topology of the carrier space in a more direct way. For
instance cohomology theory allows to extract information about a manifold
just looking at some subspaces of differential forms.
In the rest of the paper we will show some applications of this formalism
related to vector-valued harmonics and to Dirac-type operators.
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3.1 Vector-valued harmonics as differential forms
In this section we show – via an example – that an Hilbert space of differential
forms carries interesting representations for some Lie algebras. According to
representation theory, unitary representations of a compact Lie group G on
a separable Hilbert space H can be written as a suitable direct sum of finite
dimensional irreducible ones, and H itself can be written as a suitable direct
sum of spaces upon which the representations are irreducible. Irreducibility
subspaces are labelled by the eigenvalues of the Casimir operators for the Lie
algebra g corresponding to G. For instance the Hilbert space L2(S2, sin θdθϕ)
of square-integrable functions on the sphere can be decomposed into finite
dimensional vector spaces of dimension d = 2l+1, for l = 0, 1, · · · , on which
the left-action of the rotation group is represented in terms of matrices. A
basis for each of these subspaces is given by the spherical harmonics, and the
index l characterizes the spectrum of the Casimir of the Lie algebra of the
rotation group.
A similar construction can be also realized for the space of differential
forms. As a final result we will show that the space of differential one-
forms can be used as vector space for representations of the algebra su(2)
with eigenvalue of the Casimir operator both integer and half-integer. Let
us consider the cotangent bundle T∗S2 of the sphere S2. It is known that
this space is not parallelizable, that is it does not admit a globally defined
differential calculus, and then an exterior algebra, on it. The sphere S2 is
nevertheless an homogeneous space, i.e. it is the base space of the Hopf
principal bundle π : S3 → S2 with gauge group U(1). This is the principal
bundle also considered in the analysis of the the electron-monopole system.
We consider as metric the Killing-Cartan metric written in terms of left
invariant differential forms as
g = θ1 ⊗ θ1 + θ2 ⊗ θ2 + θ3 ⊗ θ3 (25)
The exterior algebra over S2 can be written as a suitable sub algebra of
the exterior algebra Λ(S3), namely those elements α ∈ Λ(S3) fulfilling the
conditions
LX3α = 0
iX3α = 0
(26)
where X3 is the left invariant field generating the U(1) action on S
3. Differ-
ential forms satisfying this conditions are of the kind
α = α+θ
+ + α−θ
− (27)
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where θ± = 1√
2
(θ1 ∓ iθ2) and the coefficients obey to the following relations
X3α+ = −iα+
X3α− = iα−
(28)
These differential forms are a Hilbert subspace of the Hilbert space of the
Hilbert space of square integrable differential forms on S3 because the coeffi-
cients form a Hilbert subspace of the space L2(S3, dν) where dν is the Haar
measure on S3. Indeed, as the fibre is a compact space, functions which are
square-integrable on S3 are still square-integrable on the base manifold.
It is possible to define on this subspace a representation of the algebra
su(2) generated by the right-invariant vector fields La, which are the infinites-
imal generators of the left action of the group SU(2) on S3. Therefore one
has to find a set of common eigenforms α ∈ Λ(S3) of the operators {L2, Lz}
by solving the following equations
Lzα = imα
L2α = −j(j + 1)α (29)
As θa are left-invariant differential forms they are in the kernel of the right
invariant vector fields. Therefore, taking into account also the condition (28),
an orthonormal basis for a j = 1 representation is the following
α1 = i
1√
π
√
3
8π
[
v2(v¯du¯− u¯dv¯) + u¯2(udv − vdu)]
α0 = i
1√
π
√
3
4π
[−vu(v¯du¯− u¯dv¯) + v¯u¯(udv − vdu)]
α−1 = i
1√
π
√
3
8π
[
u2(v¯du¯− u¯dv¯) + v¯2(udv − vdu)]
(30)
Since invariant differential forms are a module over the algebra F(S2) =
KernX3 ⊂ F(S3, one can build combinations of differential forms and spher-
ical harmonics in F(S2) with Clebsch-Gordan coefficients. In this way one
obtains higher order integer representations. These differential forms are in
correspondence with the vector valued harmonics defined in [19].
A step forward can be done by replacing the invariance condition in (28)
with the equivariance condition (18). In fact if one chooses the subspace of
equivariant differential forms with eigenvalue n = 1
2
it is possible to construct
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a representation with j =
1
2
. The condition (28) is replaced by the following
X3α+ = − i
2
α+
X3α− = i
3
2
α−
(31)
Since we are interested in a j =
1
2
representation of the rotation algebra, we
consider only differential forms of the kind α˜ = α+θ
+. An orthonormal basis
for this representation is given by the following eigenforms of {L2, Lz}
α 1
2
=
1
2π
vθ+
α− 1
2
= − 1
2π
uθ+
(32)
Also equivariant differential forms are a module over the ring F(S2). There-
fore it is possible to build higher order half-integer representations taking
combinations of the differential forms (32) and spherical harmonics in F(S2)
with Clebsch-Gordan matrix elements as coefficients. As an example of this
construction one can build the representation which is the product of the
representation with j = 1
2
and the spherical harmonics in F(S2) with j = 1.
Properly using the right Clebsch-Gordan coefficients one can write down the
basis for the representations with j = 3
2
and j = 1
2
. The final results are
α 3
2
= Y 11 α 1
2
α 1
2
=
√
1
3
Y 11 α 1
2
+
√
2
3
Y 01 α− 1
2
α− 1
2
=
√
1
3
Y −11 α 1
2
+
√
2
3
Y 01 α− 1
2
α− 3
2
= Y −11 α− 1
2
(33)
for j =
3
2
and
α 1
2
=
√
2
3
Y 11 α 1
2
−
√
1
3
Y 01 α− 1
2
α− 1
2
= −
√
2
3
Y −11 α 1
2
+
√
1
3
Y 01 α− 1
2
(34)
for j =
1
2
.
In summary in this section we have briefly shown that the Hilbert space of
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differential forms can be used in representation theory to write down vecto-
rial representations of the algebra su(2) with both integer and half-integer
eigenvalues of the Casimir operator. This possibility can be useful especially
in relation to gravitational problems. In fact this kind of construction can
be repeated for other homogeneous group, giving rise to different kinds of
tensor harmonics. These objects are useful to decompose tensors on a basis
which respects the action of some transformation group.
3.2 Algebraic spinors and Dirac-type operators
Another application regards the possibility of writing, on a manifold M
equipped with a metric tensor g, Dirac-type operators in terms of scalar
– which means invariant under the action of an element in Diff (M), the
group of diffeomorphisms on M – differential operators on a manifold. On
such a manifold (M, g) the Laplace-Beltrami operator can be written, as we
already mentioned, in terms of differential and codifferential as follows
∆ = (d+ δ)2.
Therefore one can write a Dirac operator as a (up to a constant factor)
square-root
D = (d− δ)
acting upon the whole exterior algebra Λ(M). This idea goes back to Ka¨hler
who wrote a representation of a Clifford product (the so called inner, or
∨-product) on (Λ(M),∧)[20]. The inner calculus is defined by introducing
a Clifford product on Λ(M). If the metric tensor g on M has the local
coordinate expression g = gabdx
a ⊗ dxb or equivalently g = gab∂a ⊗ ∂b with
gabgbc = δ
a
c , one has
φ∨φ′ =
∑
s
(−1)
(
s
2
)
s!
ga1b1 · · · gasbs(γs{ia1 · · · ias φ})∧{ib1 · · · ibs φ′}, (35)
where φ, φ′ are elements in Λ(M), one has γ(φ) = (−1)kφ for φ ∈ Λk(M)
(γ is the degree operator) and ia = i∂a is the contraction operator. One
clearly has
dxa ∨ dxb = dxa ∧ dxb + gab,
dxa ∨ dxb + dxb ∨ dxa = 2gab. (36)
On a local chart on M , the Dirac operator is defined by
D =
m∑
a=1
dxa ∨ ∇a (37)
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where {dxa} is a local basis of the cotangent bundle T∗M and ∇a = ∇ ∂
∂xa
is
the Levi-Civita covariant derivative. When acting upon a differential form,
it gives
Dφ = i(d+ (−1)N(k−1) ∗ d∗)φ = (d− δ)φ. (38)
The paper [21] shows how it is possible to decompose the left action of the
Clifford algebra (Λ(M),∨) on itself. Irreducible modules Ij ⊂ Λ(M) corre-
spond to ranges of projectors Pj ∈ Λ(M), i.e. Pj ∨ Pj = Pj. Elements in
Ij are called algebraic spinors since they carry an action of the Spin group
corresponding to the metric tensor g. The Dirac operator D (38) turns out
to be meaningful when restricted to Ij if and only if Pj ∨∇aPj = 0.
We want now to show how the Dirac-Pauli operator on R3 can be written
in terms of this formalism. We consider
(R3, g = dx⊗ dx + dy ⊗ dy + dz ⊗ dz)
whose corresponding Hodge duality reads
⋆(1) = τ = dx ∧ dy ∧ dz ⋆ (τ) = 1
⋆dx = dy ∧ dz ⋆ (dy ∧ dz) = dx,
⋆dy = dz ∧ dx ⋆ (dz ∧ dx) = dy,
⋆dz = dx ∧ dy ⋆ (dx ∧ dy) = dz. (39)
We focus our attention to a class of real (which means with real coefficients)
solutions for the equation P ∨ P = P in Λ(R3), given by
P (ξ) =
1
2
+ ρ dx + ξ dx ∧ dy (40)
with 4ρ2 = 4ξ2 + 1 and ρ > 0, ξ ≥ 0. Projectors are then labelled by ξ.
The range of the action of the projector P (ξ) gives the left ideal Iξ, which is
then a set of spinors. A basis for Iξ turns out to be:
ψ1 = 1 + 2ρ dx + 2ξ dx ∧ dy,
ψ2 = dy − 2ξ dx − 2ρ dx ∧ dy,
ψ3 = dy ∧ dz + 2ξ dz ∧ dx + 2ρ τ,
ψ4 = dz + 2ρ dz ∧ dx + 2ξ τ. (41)
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One can write Iξ ∋ ψ =
∑
a faψa with fa ∈ F(R3). One gets
dx ∨ ψ =


2ρ −2ξ 0 0
2ξ −2ρ 0 0
0 0 2ρ 2ξ
0 0 −2ξ −2ρ




f1
f2
f3
f4

 , (42)
dy ∨ ψ =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0




f1
f2
f3
f4

 , (43)
dz ∨ ψ =


0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0




f1
f2
f3
f4

 . (44)
The action of the Dirac operator turns out to be well defined on Iξ. Such
an action can be given the following matrix form, if one considers a spinors
Iξ ∋ ψ =
∑
a faψa with fa ∈ F(R3):
−iD


f1
f2
f3
f4

 =


2ρ∂x ∂y − 2ξ∂x 0 ∂z
∂y + 2ξ∂x −2ρ∂x −∂z 0
0 −∂z 2ρ∂x 2ξ∂x + ∂y
∂z 0 ∂y − 2ξ∂x −2ρ∂x




f1
f2
f3
f4

 .
(45)
The Ka¨hler Dirac operator does not in general coincide with the spin mani-
fold Dirac operator (see [22]). When the metric tensor gives a flat Levi Civita
connection, then the two operators may coincide. We are now going to de-
scribe how, starting from (45), one can write down the Pauli Dirac operator,
which is
D˜φ = σa ⊗ ∂aφ (46)
where φ ∈ F(R3) ⊗ C2 is a spinor field, i.e. a section of the vector bundle
R3 × C2.
The action (45) of the Dirac operator is irreducible on Iξ, and seems to
be quite far from the action of the spin manifold Dirac operator D˜ in (46). A
possible path bringing the action of D closer to that of D˜ starts by noticing
that the volume element τ = dx∧ dy ∧ dz satisfies the identity τ ∨ τ = −1.
We define then by J the matrix acting on Iξ that represents the volume form
τ , i.e. we define
J = dx ∨ dy ∨ dz =


0 0 −2ρ −2ξ
0 0 −2ξ −2ρ
2ρ −2ξ 0 0
−2ξ 2ρ 0 0

 (47)
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with J ∨ J = −1 with respect to the basis {ψ1, . . . , ψ4}. This is equivalent
to write
J ∨ ψ1 = 2ρψ3 − 2ξψ4,
J ∨ ψ2 = −2ξψ3 + 2ρψ4,
J ∨ ψ3 = −2ρψ1 − 2ξψ2,
J ∨ ψ4 = −2ξψ1 − 2ρψ2. (48)
The endomorphism J defines a complex structure over the four dimensional
ideal Iξ. Along the basis B = {ψ1, ψ2, J ∨ ψ1, J ∨ ψ2} for Iξ the endomor-
phism J has the canonical form, so upon identifying the action J ∨ with the
multiplication by an imaginary unit i, the left ideal Iξ is spanned by complex
valued coefficients along the real basis elements {ψ1, ψ2}. Since one proves
that
D(fa J ∨ ψa) = J ∨ (D (fa ψa)), (49)
the action of the Dirac operator is consistently reduced to F(R3) ⊗R C ⊗R
{ψ1, ψ2}, which is a space of two-dimensional complex spinors over R2:
D
(
f1 + ih3
f2 + ih4
)
=
(
2ρ∂x + 2iξ∂z ∂y − 2ξ∂x − 2iρ∂z
∂y + 2ξ∂x + 2iρ∂z −2ρ∂x − 2iξ∂z
) (
f1 + ih3
f2 + ih4
)
.
(50)
For ξ = 0 and ρ = 1/2 it turns out to be equivalent to the spin manifold
Dirac operator (46). The action of this Dirac operator can be written as
Dψ = dxa ⊗ ∂aψ (51)
after defining an algebra map – over R – (Λ(R3),∨) → M2(C) via
dx 7→
(
2ρ −2ξ
2ξ −2ρ
)
, dy 7→
(
0 1
1 0
)
, dz 7→ i
(
2ξ −2ρ
2ρ −2ξ
)
.
(52)
that turns out to be an irreducible representation of (Λ(R3),∨) on C2.
3.3 The Dirac-Ka¨hler operator on R3 upon complexi-
fication
On the space Λ(R3)⊗R C are both the wedge and the Clifford products well
defined, so we may define the Clifford algebra (Λ(R3)⊗R C,∨). The element
P =
1
4
(1 + dz + idx ∧ dy + idx ∧ dy ∧ dz) (53)
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is an idempotent with respect to the Clifford product and its range IP is
a two dimensional left ideal for the Clifford algebra (Λ(R3) ⊗R C,∨) whose
basis is given by
ψ1 =1 + dz + idx ∧ dy + idx ∧ dy ∧ dz,
ψ2 = dx+ idy + idy ∧ dz + dx ∧ dz. (54)
From the identities
dx ∨ ψ1 = ψ2,
dy ∨ ψ1 = −iψ2,
dz ∨ ψ1 = ψ1, dz ∨ ψ2 = −ψ2, (55)
it is straightforward to see that the action of the generators of the Clifford
algebra upon IP is given as a matrix products by the Pauli matrices, i.e.
dx∨ 7→
(
0 1
1 0
)
, dy∨ 7→
(
0 i
−i 0
)
, dz ∨ 7→
(
1 0
0 −1
)
.
(56)
For the spinor space one has IP = F(R3) ⊗R C2, that is spinors are two
components complex valued functions defined on R3. Upon such spinors
ψ ∈ IP , the action of the Dirac operator can be represented by
D = dxa ∨ ∇a = σa ⊗ ∂a. (57)
4 Conclusions
In this paper we have revisited the approach to electron-monopole proposed
by Balachandran et al, obtaining it by reduction of a geodesical motion on
a bigger space. Considering the possibility of writing Hamiltonian operators
in terms of Laplace-Beltrami operator, we have proposed to introduce the
generalized Hilbert space of square integrable differential forms.
The usual transition from flat space-time to Lorentzian manifolds consid-
ers the flat space as the tangent space at each given point of the manifold. In
this generalization one encounters the Bochner calculus and the subsequent
elaboration by Lichnerowicz. Our idea is to generalize the theory from R4 by
considering it as a Lie group, therefore the simplest generalization would be
to go from an Abelian vector group to a non-Abelian one. This approach has
the advantage that we can always work with parallelizable manifolds, and it
can be applied also to homogeneous spaces when a reduction with respect
to a closed subgroup is considered. We hope to be able to tackle also the
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situation of manifolds with boundaries when a quotient procedure of homo-
geneous spaces with respect to discrete transformations is conceived. Having
this in mind,in this paper, we have applied this idea to two situations. The
first case is related to the theory of group action on homogeneous manifold:
we have written tensor harmonics for the rotation group in terms of differen-
tial forms. The second application regards spin geometry: it is possible, in
fact, to write the Dirac operator as the square root of the Laplace-Beltrami
operator, using the exterior derivative d and the codifferential d†.
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